& 2 Hilbert’s Axioms

Goal : Present a set of axioms fov- %e.ow.eb«a_ 'FV'oPesed B‘a_ Hilbert in (899 which sa&ﬁsﬁe.s

modern  standard cf ﬁaer' “o Swﬂﬂa_ e fowr\e‘aﬁor\ fw Buclid’s gepme&ra_

Lomauage in_sets : E g 4 David Hilbert (1862 -(R42)
< : sek S Mabthematican .
Poinks : elements ef S = l" .

. / N

Lves : a subset uf S /

L - set cff all_[ines @

(S.£): a 3eevne€na (or %eow\ebﬁc. model )

lnstead cf %iv‘w\é cyfnl'&ions cf 'Fewts and lines , we leave -“Hhem os “w\cleﬁv\ed ok:"ects" and
regavd-ﬁfmos elemerts or subsets cf a sek S. Then , we \’E%udre'ﬂmem 'booloeg certpin_ axioms .

2.1 Axioms cf Incidence.

Def(vﬂ'ﬁon 0.1

A Po’m‘t P is saoid +o be llaing on a line 2 l:f Pel .

Rewmark : CcmeeFts con be ele_fn'necl easil% and de.ari'a, ba using ~the. Iama-.«nae cf sets.

Axioms cf ncidence. :
T.) For o.v\a distinet ‘FGW& A, B  tiere exisks a w\ilu\e line. Lp cowbaivfmg AB.
V distinckt ABeS, 3! Lgel , ABelpy (Remack: Ttx P =

(T Bvery line cotbmins &t least “be ponts. T, Peoa Yy (Pig = =) )
Yoel lol=2

T.2) There exist -Hwee wnoncollinear Poiv\'(:s.

I distinct ABRCeS ,VLel , 1 (Ael AReL aCel)
Remark : (1.0 guarartees s-xﬁrm lines :

(12) excludes the possikilitiy cf deae.mexabe, line.
(13) guarankees suﬁmm poinks In_a geomekny .

‘.Deflni'ﬁ'uon 2.2

(S.L) that sa'(:’nsfies Hhe axioms (T.1)-(T.2) is called an incidest aeomebﬂa




E«»nFle 2101

S:=§1.2.23
L. f.Q.U={i.J'5 1si<yeal

(S, L) s an incidence ae.ome(:na,

Qi Coution : This ‘Ficbma onLa_ shows the idea , 'Fom'& in this
~ /7
My eom are. nst necessaril rded as points
X gty & pe
/ ~
3 on a plane ond lines in Hhis geom is_ not
R " T
/ A lines on plane i uswal sense .
’ R F

BmmF(e 22
S=St=8€tcf't>eiw& ufasle.re
For each Le.L,!Lisa.%reAbcirde.

(S, L) s net an incidence 8epm¢bna_ (wk.a?)

’A Q- great circle

= ]>|av\e, Fass'mg 'ﬁl\\rbu\a‘r\ 0.P.& n <

N

EmmFle U3
S:F , uhere F=R .

L= {e%uivaleﬂﬁ ei)ua‘b“.ov\s 'm'?‘uvv\ c§ ax+l>3+c=o ta.b.ceF , not all cf +them are zerol
(S, L) is an incidence 8@:"@&\3, (k)k;a’.)

S PELY)

N

\&cn,ta,)

k : (13-(3,3 = M}:}; =)

A=W =Xy j’ e Tt &N

How  about c}\omaing S 4o be F were E=8 o C*




5<ath|e. 2.1.5 (Ken Disk)
S ='ﬂ;= {(1,3) G1R1r 'x'.'\'-t-naa'< 13
L= {9~=Ln]5= Lis a sﬁrn%k& line w B3

/// \\X-?D\WE

/ x \
/ \

\ &/’ Line = chord (wihnout endpoints)

(S. L) is an incidence 8eom€6na, (wk.g?)

'P\'DFos'rﬁor\ .11

Two distinet lnes can have most one 'Folw(; " Common .

Lmel = [Lamlst

Fv'bof:

Su\Frose. [Laml= 2, Hen there exsts AR €S sudh Hut A£BR and AR eLam .

Tl > L=m

'Revv\a«kz‘ﬂ\e?rocf does NST rela on ay“a 'F?cb.are!
(Rather -than sa.amg -t ‘Lo lines cannst endose a sF.ace", see. Eundlid’s Frouf

of ‘FroFos?'Ejon L4a)

—_—

‘Defiv\\‘(ion 1.3

Tue distinct  lines are 'Fav'alle.l uf -hlr\eza have no -Foiv\'bs in_common . We also say that any lne is

'Po«-n(le_l ~+o 'rEsle
lf L.mefl and LiEm , then we deftne. Lhm < fowm ¢ . Also, we define. Que N el .




-Pla%fair's Axiom :

P For eadh Poir\'(: A ad line 2, there exists at wmost one line m such Haat
m _passes 'Hnm,%k A and m s parallel to 2.
Y AeS ,V2el , 3 at most one mel ,Aem amiL

Think : How about Al 2
lf m is a line such Hhakt Aem and m#/L, then malf¢ which forces m=L,
So +he statement s s«:ﬁxﬁed automatically .

EmynFle_ 2.1.5

S:{1.2.2,4.51

Ll =il 1si<yesd

(S.L) is an incidence geome(:na that does nst sabisfua ).

Note : Consider the point | and the line L . then lely . Le . Lally and falls.

(
g m
4 3

A

Exercise. .11
Show  that g_eeme:bne,s n examFIe. 3.1l and 3.1 sabisfies @) .

However-, Klewn disk in enaml:le. 2.1.4 does nst S«xﬁsﬁa_ ™) .

Exercise .12

lf (S.L) 18 an incidence 8eomebﬂa, . does Pam“e.lisvv\ 8ive an e%uiva(ehce. relation on [ 2
Hivt : consider exam?le, 215




.Dﬁin'rbion 1.4

Suppese thak. (S, L) and (1.2 are e gesmetries.

i there exsts a ‘djed:’nve. fw\ce.ion F:S—>%% and £ wduces a b:")ec:tive Fanction
E:l.=f, defined by Fub: {$PeS, :Pell tren (S..L) and (Si L) are sad 4o be
isomorphic —and f is said to be an isemorphism.

b particlar ., #f (S, L) =(Sh L), $ 15 sad to be an axtomorphism.

Remark - Brery geomeby s isomorphic 4 tset§ by Cohs'-dev-ing ~the idestrty fanction .

Example 3.1.6
S:={.2.21 S;:{A.B.C1
Lefay=1ig3 - lsi<jszl Lol Lp=1ARY . Q5. B, Lo -Tach}

lLet f : §, =S, defiheé |o~3 fm =A f(:.)a'B ,-fcshC .
Then -_f indvces F: L =, with FRO=Lp . FUD=Lp . F(l) =L .
This shows (S.. L) and (Si, L)) are isomorphic .

Question : P:vma strer iSmorF‘/\‘\sms R

Remark : When we sy “hat “(S..L.) and (Sa.f3) are 'lsomov?kich . ﬂ»al«l.a sFeakma-ﬂne.ua are kavivsg
e same Sbructice and j,F gve a renam‘-v% af 'I»‘wvb and lines .

E<awcl>|z 3.3

S:®
L= {e%uavahﬂt e‘g‘bAabtov\s ‘w\-f«-om u§ ax+ba+c=o ta.b,ceR , not all cf +them are zerol
Translations . rotztions . reflecbions give au:bwnor?km of (S.8).



Discussion -

(D) |nc\€‘>erdencz 05 Axioms

We would hke o show Hrat each cf “he above axiom cannst be dediuced 'f'ovv\ “the others.
How -(:o-rr-we.‘?

Easa | For each axiom, construckt a model which sabsfies al e ctrer axiows.

%Fos?ﬁov\ 3.1.2

The axioms (T, (X2, (I2) and ®) are iv\cleFendewb cf' each other.

pross

Sa:ﬁesf-aing
Si={1.2.3% L=¢ (12). @A . ™
Sa=10.2.33 Lo={fia . a3y, L3y, 6 (L), (T.2) ., (™
Sy= 11,23 L;= {021}

TD.aAD.®™»

Sy={1.2.2.4,517 L {fy={ij1: lsi<js53 (X)), (@2, (I3)

Lia
\\ ///
//, X N Y
2 A Y
3 Seommnm s e
/ AN
! Lz
(S..LY (S,. LY

(S, L) (S, L

2) Um%,\e.v\as of model
ln exercise R.1.2, we show Haat both se.omzbﬁes n em\vnrle. 3.0l and 313 sabsfv&
(T),(T2), (I3) and P). IS we. fwﬁwx Mrose. axioms , will it f:rcz the %ewnebra obstained o

be. wﬁ%wz'? In Faf‘ﬁculav-, what  should we. iwtfose_ So that -the uwiwa. %zowxebra obstained is
“the BEuclidean %emeb\a7




32 Axioms csf Retieenness

Here . we presuppose oxioms (1), (12) and (13) of ncidence. %eow\ebna

The 5epvv\€bfical nstions of betweenness,, saFamxhon . sidedness and ovder will all based on
“the -fol\ming relation .

De.flvﬂ'hm 2.2.1

let ® < {(A,B,c)ess : ALR.C are distince l .

l-f (A,B,C)e%,ue,sma-ﬁnab B is O.'Foivfb l\ama bebueen A and C (bt NST C and A at -His wmoment ).
M,miw?mmdow\s onBSvdA-HMt?‘blae\r\cwesaswe_et‘)ecb.

Axioms cf Rebueenness -
B.D KB B s between A and C (wrttken as AxB*C) then A B.C lie on the same lne
ord also CxB xA .
ARAe® =>30el ARCel ACBRAIeR®
(8.2 For any “two distinct.ponts A.B , there exsts a poink C such -that AxBaC
VdistincE A, BReS .3 CeS, (ARDeR..
(B Guen Hares distinct. points on a line , one and only one of them 15 beboen the. other thaa!
% Followed —frm ®.1) (C.R.Ae® (ACBR), BADER
@ B T B
Gren AB.Cel forsome Rel . (AB.Qe® = (BR.CA), CARES
R4) Llet A,B,C be Hwee wnoncollivear Fozwks ,and lek L ke a line not Cowb\iniv\%_ ang A.B.C.
lflcoﬁtaivsc\?otv\t'b |\aw\% between A and B ,then it must also contains erther a

Foiv\'tlalngloeboezy\ A ad C m-o\Foin‘:.lvalna_loe:bAeenBade.'mx(:wst’ocﬂn.




Remark : ®.1) Saus beteenmess  is a  relation on\3 defnenl :fur Hwee distinct Foiﬁts on

a line and ng\mebna_ nﬁ bebacenmness .
R2) guamvf&ees extension csf a line .

B - Bcde dl finrte es !
N = =, > fﬂ %eeweﬁn

(B3) aveids : loo‘;AJ line N =
(B.4) avoids ~‘c:wrve.d line 2 Q
D

DefM'rb'lov\ 322

l:f A and B are disbinct 'Fe’lﬁ,we_define'ﬁl\e.hne_seémewh AR +4o be -He set Cnnsisbng_
o} the poats AR avd_all poinks lypnay betveen A and B .

(AR d’f {cex: (A, c.RYeBY0IARY)

Remark :

D AR =BA \ma_ @®.1D

2) A line saame/d: is migbueha determined by two end?ombs.

Exercise 32.1

Given a line Segment AR, show that -there do not edst points C.DeAB such that CxA+D.

(There are onlsa-b»o Foiw& % AR s&lﬂsfaun% the above cowclrbiovx,mwel\a A and B
B

-+
1)

’
I

P,z___/ NST allowed !

bR S

2) ('B.ll-)canbe.ex‘xzs&as

VW distinct AR CeS ,VLel with AR, C¢L

(Lome#g)—> ether LnAC #¢ or LaBC#¢



Exercise 222

Wrtte  down  the cwvb—aros'rbve. of (BR4) .

Prswer V¥V distinect ABRcCeS ,VLel with AR,C¢L

(LoAC LoBC=¢IvaPC LnBCEP) > (L nAB =)

Note that a [ne segme.wb s Mni%ME‘la determined ba_ R erd'ro\vd:s.
Letﬁfsbe'tb\ese:bofall oviented line Segme.w(s n S . then

P-faameT: AzRl . (To be precse ,there exsts a \oi:)e.cbion betiseen -them.)

L)emo.xa_dendte (A.B)e(?:’ b(a_ﬁ B

Farthermore . by considering the e%wala\ce velation on © defined by (AR) ~ (B.A)
lf P is the set afall hne.segmew(:s n S, then P-FP/~ .

g

AR BA

AR -BA - [AR].[BR]
Remark : We need Hre notion cf P when we wbroduce  addrtion cf line segwew&

'De‘fm'rb'lon 32

Let. A B and C be Hiwee noncollinear Fo'mt:s. A 'briav%le is defiv\e:l “o be ARULBCULCA .




'Pmros'rbion 22.1 (Plane Se:Pamre-ov\)
Let. L be a line. Then the set ofPo'm-ts nst ltaw\%_ on L can be diided lvvbo-b,oononempba_
sosets S, .S, with the j’buow\ng properties :
Then 3 ... S st Si.Si#¢ and S\L =S.u8, wrth Ghe :fbllou.ﬁné 'FvoFe.rb‘xes:
i Tuwo ponts A.B st on L belong to Hhe same seb (S, or SO # and only wf the segrent AB
does nok ivtersect L.
V distinct A.ReS\2L ,AReS, vAReS, & ARaL:=¢.
Gy Twe Fewcts AC rnet on L l;elong “o the oFPosr(-.e_ sets (one n S, ,tHre ot n S,)
'lfav\c\onha_lf the sepment. AC intersects L at a poiat.
V distinck A,.Ce S\, (AeS,,CeS)) v (AeS,,CeS) &> ACalL ¢
(Nete : i AcaL#p ,then Since ACaL € el and IZcallsl, AcaL=1x1)

.va‘ﬂﬂedoove,s..sxmsaﬂ'bobemsidacfQ.FMU/\ermo(e,i:fbd'H\Ade lce.long'bo

“he same sebS;,h(or-).,-ern-ﬂr\eaaresaad-bobe_on-‘dne.snme.stdeofk,cﬁr\wise
"Hmaac.reso.ld-bobe. on tre onx:s&r_sidecfk
a/l
% 7

N

S

/S; C—
'Frwfz B

Hea:‘D:fine. a relation ~ on S\ :

ABF\.l=¢ 'f A+#B
Let A, ReS\L . AR & a
A~A § AR 2
same. Side cf L
'R'we'ef\ab~isane%wvalm relation  and
B
Heere are OV\l!a_'baOo e%walemce dasses /
'
A~A ('B'a defin'\'&on)xl Pi/
A~R =>B~A (C:AR=BA)Y ~ s _an e.%u\ivalence. velation oﬂbos'rtz. side of '8

A~R ad BaC = A~C ?

AzB and BAC => AC ? 3 Orhy +o e%uivdence. classes



Exercise 323

Rove L% (@T2) and @32) hat for al le 2 , there exists a -stt whidh dees nesk e on 2

B’G the odbove oxertise , S#¢ an,a» =
S
@®2) guawm&gs S.$¢. % sl'o‘
®D > /
Case 1 : A.B.C are noncollinear

cmemresrewe of ®4) : (LnAC, LnBC=¢)vilnAC, LnBC#P)S(LnAR =¢)
A~B ad BaC = A~C , A2R and B#AC = A~C
Case 2: A.BR.C are collinear
ldea : Show that there exists E such Hhat
A.E.C are noncollinear , ALE and E~C —— (a) (ARE and E2C — (b)),

cose | = A~C .

quj of @ and

See ‘FV'O‘F F1in 21

Prvros?ﬁen 222 (Line se?ameiovx)
Let A be a poist on a line L. Then the set cf'Fe!wﬁscf.Q.wsbe%aal'toAcanbedt\ﬁda:llwbo
Wov\em\:ba_sdose:(-s i, Vi ,the oo sides of A on L, sudn trat

iy B.C are on the same sie 'lfavdov\l\a_if Aismtl«ain%m-&ese%w\ewblsc.
cii)'B,Care.w'ﬁrvacWos'rtz.sde § and only f A s lyng on Hre segment BC.

prof

From (I2),d32), tere edsts DeS such tdhat DéEL.

B.a_('.[.l), A and D determines a line m .

E.a_ 'Frorus?'aov\ 221, S\m =S, 4S8, —fu.-seme_ nonetha_ sets S,.S,. Let vi=Sial, ta1.2.

m
(T2) = 3 Eel and E£A , (B = IFel st ExAxF .

“r.nEP
E
Remark : H dzfiwes an e%wvalm velabion on  A~fAY. V/A

T




Defin'raon 204
Given two distinct 'Fo‘m'Es A, R, the vay Ypg 1S the set ch\sis(:ing_ cf A, 'Flu\s all Fo‘M’& on -the
line Lpp Brat are on the same side crf A as B.
lf ~ is “the e%o\ivqlence relation b‘a the above vremark , then Ypg= {cerr : cAnIuinl B
The povt A is the in, verbex, the .
- g o vt of b vy .
'Defw&:-on 225
Anangle is_te union cf'hdoraas Y‘mw\cl he ovigiv\dﬁng at tee same-,»m(:,i'b vqbax,omclmtlaivgm
the same line . We dencte -Hne.a.v%le. bl& LBPC or LCAR.

Frﬂnermm,-eﬁeiwbadorcfmw\gle ZBAC corsists ofallrolv\'&b such that D and C are on the
saw\e.sidecf-tlneline AR, and D ad B are on the same side cf-e\mllv\e_l\c.

|fP|BC.Iso.'hrian8le.,'H/\e_ vteriov cf-ﬂ»z'b—inv\ale ARC ls-avese'(:afPoMES'Unaboxesimv&Anewsla_ln

inberiors cf the Hree omg(es ZBAC, LARC , LACR.

Lo Al

'RemarkZm ang‘ef and ) S‘bmlék(: an%‘e." ore nst 1ndwded in s dej(vd‘ﬁon.

Exercise 32.4

Show “that the vertex cfa.ma_ (erranang(e) “isw\i%/eba determined b-a +the Yy (orw\gle).
(Rephvase : there Is onlla one vertex cfo.raa (wmavgle).)

P;/ NST  allowesd !

'

!

]
'k/
A




'Pro‘:osi'biov\ 2.3 (Crossbor theorem)

LetLBMbemavgle,wdlet'bbea?dwbin-&vam“‘._rken'ﬂrvam;a\"Abmastmez:b-ﬂr\e.hm
Segmewb'BC.
D
. B
P

See ‘Fr'b‘r F3 in 7. v— irttersection 'Pom(',

Think : How dbout. Hre Wuiuene.ss'?

EvamFle. 32.1

‘_Eb S-R awi L'{1=R}
a) Show Haat * s nek an incidence geomeb'a

b 'Deflwa ‘the  wnetion c-:rf beboeness h usnal sense on R : For Hwee distinct real wabers a.b.c,

axbxc 'rf a<b<c or c.<\'.><a..

Show Haat satesftes R.D-(R3)

EfamFle. 322

Let S-F . A:(a.a)  Balb.b) and Cale.cd) be taee distinct points in K.
'Deftv\e. AxRxC f A.,BR.C are on the same line sudh that etther arbixc, or a,xbyxcy or both.

(No'be:*'tsdeflned on B, but = Ede\flmd on R n zxamFle 32D
Show Haat saasjues (B0 - (R.4)

Ewsﬁllﬁuefuedw%eS'(:u be & 2

Answer : Yes !
Think : What kaﬂ:ev\s n_each cose ? 35
————x
>
EtamFle. 323

:De_ﬁw;-t-lr\e betieenness cf 'Fe'w&s c{f Klein disk loa raaavehv\% ‘thewm as Fowt& n TR
Show Haat saesfnes (R.0 - (B.4)




2.3 Axioms cf Con%memce j’of' Line Segmeﬂhs

Next, we Fos(:ux(qb?. an W\defivxed notion of Congme.wce _which s a  relation  beteen +two line
Seémeﬁts AR and CD , densted "’8 AR =CD.

De.flvﬂ'bon 2.3.1

Let < ®PxP. !f (3,.8.)e T ,then |, is sad +o be consrva\'b'b: S, , and we denste 1t Laa S = S..

lf S, = PR, S.: D, we write (AR,CDYeZ or BR=CD .

Remark : We MSMA“a_ write AR = CD instead cf AB e CD . However, here we reaa.rd “them os subsets

ofSaml-G\eaarechﬁerewtasse&,-ﬂfwblswkawe?wb'g"bm.

M,we.iw?ose.aodows mcw-&ubrbbebnvesaswee?ecb.

Axioms cf Cov%ruev\ce. ﬁor' Line Segw\e«s :
) Gwen a line segmew(: AR , and given a g v oﬁ%ina'(:iv\g at a 'Foiwb C.,4there exists a
unigue Fo'-vf(: D on the ay v such Hhat BR>CD.

B C
D
R
()] I-f AB=CD and AR=z=EF , then CD=EF. Eve.na line. Se%mev\'b is w%r'wewt +o 'rEse.!f

(€R) Given Htwee distinct Fo\v\'& A.BR,C on a line satisf«alv% ArBxC, and -three :fw-Hna— ]»M&s

D.E.F on a line "9- AR =DE and BC &« EF ,then AC=DF.

/\

’Rwau.a : MR xDE, BRC &EF = AR+RC :=AC «DF : DE+EE  which r'eFlm Euclid’s second

common nstion.

Remark: (C.1) acts as -bmvsrurber oj se%mewts".
(c2) sauas “that ca«annevxce S an e%uivalemce velation on P. (see also exercise 2.22)




Pddrtion :
Corsider e oy T which s oFFos'rbe to ('le:osraov\ 2322, line SEFM(:\OA)
'B\& €.1) ,trere exsts wnigue Eer such Hat RE=CD.

Definttion 2.32

~ ~ o~ —~ -
P&"EIOV\ on p, +:®,‘©_>©'-|sd%-med b‘a. BA
A_‘B’-t-c_ﬂs = ?
Remll

Let. © be the set of all oriented line segments 1 S.

By considering the eguivalence relation on ® defined by AE~ER,
then P2/~ where P is the seb of all lne segments in S.
Furbherwore, = is an e%\walenoe relation on P \503 (A

~

H %Nes an e%ﬁvqler\ce relation ~ve on B where  B/re = (B/n)/= = Pl= .

&
B
D
)
E
F
AR = DE and RC < EF
®
B | & | BR+BE -AC —|
BN | OB
— — —_— — —
DE EF DE +EF =DF —— Do -b\ne.a %fve. “the
B [==4 \/'Vo Sawme. e%o\ivale.nce, class
‘ wader Tde.wﬁfication 2
P l /N @'/ ~No = P/ s
AR | BC | AC = | FRL. [®CI..
DE EE DE [A_'B>+'BTC.’]~°= [A_C’],v. T‘ [1?1=’]~,= ['D_E> +E_F>]~.

Given ba_ (V]
AC = DF



—

Addtion  can Be.deﬁw\ed on 6,5&(‘. t 15 bad” 1 the sense -hat A—B’-«-CTS#CD-«-A—B’
(not. commutative) . \hat ue.onl\a_ have is ass:;da(:'mba_

Berse 3.3.1
Show that the addition in definrtion 332 i associative.,ie. (PR + CD) + EF = PR + (CD+ER).
, § S H , § &)
A B 7 j A é7 7
Y. % % X T
c 'b) c 's>7 7
 —Y X
= F | = F
D)
(AR + CB) + ER = AR +(CD +ER)
= ?
Why H=TJ "

De would like 4o show -that  addition e\eﬁv\ed on © descends to B/me = Ple
Blso addion on P/ belhaves .‘V\ic.e.l!a:' as e?ectz.d.

'P\'vros'rb'-m D.3.1

Addirtion c:lefv\ed on © descerds to B/re = Pla.

presf -

Recall +theorem 24.1 and discussion in section 2.4, what we have to shew s ¢
PR~ BB , CD ~CD = KRB +CD ~ KB +CD .

(See_ alse ‘PY'OF 8a wn 1)

B 3
S T
[ N
C c
E E
® »’
A [N

—_— = S — — = > N T
AE = AR +BE - AR+ CD (L\a deﬁv\rﬂov\) AE = AR +RE = AR+ CD Gaa defiv\lﬂon)

Ce L, €3 -
BE=CD=CD2>=BE and AR =AR =— AE = AE

le. BB +CB ~. KB+ CD .



Furthermore , Fuclds second common nstion

If equals are added to equals, then the wholes are equal.

s v‘e?kwsed as the fol\evoinaz

For ww?le, n Euclid’s Elewents, A R
AR = AD D c
BC = DE
So  AR+RC = AD+DE  (CN2) E
AC = PE

Wrth FﬂvFosrb\w\ 23,1, In our [avxgua%e.,
AR T AD (le. [ABRI = CAD]. n PA)

BRC = DE
so [Pl +[RC] -IAD] «DE],  (here + is the oddibon defined on @/ )
(AR (84] =[RS +IBB1 | (AR is a representatve of [AR1 -[7E] )
[RR+2], [F+B2],,  (here + i the addibon defined on ©)
(&2l -[A2),

AC = AE

Blso addition on B/  behaves V\ice_lta_" in_the :fallm!n% Sense :

?voros’rb\on 232

Addition dzfined on P/ s associative and commuxtative.

proofs
Addition dzf\ned on Plz s asociabive  which -fa!\o»s jmm “he. fuc(-_ hat  addition clef‘ned

on P is associative .



[ael +lep], = [R] (B, /> 8
= [PTE: +* 55] o

=IR2] vhere  CD & RE A
L[ERT
-[ER2+8R1,
-[B] + &A1,
=[@] + =], (CD2RE = TB~.E8)
-lcp]_+ (AL

. Addition defived on P/z is commubative

AR i said 4o be less than D \f'ﬂ«ereex‘\sts E sudh Hak C+ExD and AR = CE.

We denste *t b% AR<CD . s D
(Be.cﬂ.refu\l,'ﬁrds defivﬁ‘tlon dzrevw;s on the
heice. cf orientation cf D, so s nst
wel\-deﬁv\ed wnless we can show ]

A S
AE'IS‘QS‘H'WCD'\erdw\\\a_’\f e

AR 15 less tan DC.) CHE+D and MR CE-
Bercse 332

Rove b there exsts E sudh that CxExD and AR =CE .favdwd.&rf
there exsts E sudh Huat DiE*C and AR =DE.

'ProFosTbion 332

< defines _a_ velation onP-HM'tsahsfia

O B AR<D ad CD<EF , then AR<EF.

2) Given any AR.cbe P, ore ad M\&m of ‘E‘l\e.'fo\\ouolv\g_ holds .
ARR<cD , AR&eCD ., AR>CD

prosf

See. 'Fr-o'F 40 in [



'Defivﬂﬂon 234

< s a velabion on P/ defined by [AR] < [cp], Se and_only j? AR < CD .

Cbut is & wel\-define.d 2 Wil e W.xFFev\ Yt AR <CD , buk there exist ancsther
vepresertatives Are[AR]. ad CTelcDl, such Hnak AE <CD is net bue? )
’Rmrosrbio“ 333

Guen AR = AB and CD=CD . PAR<CD rf and ov\\la \f PR < CD .

Pt

See ’F\’U‘F S84 in [2]
Fw-Gnev-mwe . we dﬁwe. < on @/g L:x& LA‘E]QS [CD]: 'f and on\\a_ 'rf [A’B-.‘g< [CD:I= or [A‘B]§= [C'D]=

To sunmarize < and £ as what we expected.:
Beercse 3233 / ’Hbrosruw 334
s defines o “total order velation and < defines o strct total order velabion on ®f .
pres§
D (artisymmetric) Suppose that  [ARL slen], and [ARL > [cnl,
(ARl <[cpl, = [ARl <[cDl, or [ARl=[CDl, = AB<CD o AB=CD
and  [AR] 2[cpl, = [AR] 2[cDl, or [AEl. -[CDl, = AB>CD or ABR=CD
By propesttion 3232, 1k can enly_ be the cose MBa D . e [AE],- [epl, .
2) Coransitive)  Suppese. that [ABI s [cD], and [cnl = [EF],
(ARl <[cnl. = [AB] <[cDl, o [AR] =[cDl,
[co] <[EFl, = [»]< ‘[E=]= or [@]I:= EFl,
cose | : PR<CD ad CD<EF , POP332W) > AB<EF (ARl < [EF],
cose. D, cose 3¢ [AR] < [ep],
cose 4 : [AR], = [cpl, = [EF],
o [AR] s [EF],
2) (-bs(:n\'rha) Given oy [pel,  [cDl e €,
choose vepresantatives AR < [AR], and D elcTl,
By propesttion 332.) . ore and ovx\\a__u\e of AB;CD . AB';;CD . A‘B>®Cl> is true
(ARl <[cpl,  [AR] - [cpl,  [AR] > [cn],
. [AR] =[cpl, o [AR] > [cDl,



SMB‘ETQC'&QV\ :

Main trouble - fA‘B;CD, we do not know how +o de.fme D-AR!

Recall : lf AR <CD , then there edsts E suwdh Hat C*xExD and AR =CE.

B
Defln’rﬁion 234 o

—:{(ﬁ,6>e§u§= P\E<CD~S —>$ = %V\QQ‘ \03 A E
TB-R -

mFosﬁow 335
Given Hhree ‘Fo‘wt& A.B.C on a line sudn Hhat AxBxC . ad %wen -'FoMEs E.F on a ray

oﬁ%umbv\g_fvum D, s;«rrese_-&at BRR=DE ad AC=DFE.Then D*ExF and BC s EE,

proy

See ‘Fro]: Q33 in 2]

(Cpmrare. to oxiom (C3)) ) < E

'R’brosTﬁon AR5 serves as a  substriute o\f Eucld’s Hird  commen nebion *

If equals are subtracted from equals, then the remainders are equal.

‘Prvros'rﬁm 336

- {(7\%,3)66*& : A‘E><Cb-} —>©' descends o ’@'/No = P/e
- IR, B e 04«04 : (R« B} — 4

Similar +o Hre 'Fvoof c§ 'Frbrosrhov\ 233
what we have +o show = :

K—B;Nom ,c_Di“'oC_-"—Dy% 6—’%_‘5""0@-&’%.

P'F?"& ‘Frbrosiﬁen 335




